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The problem sounds like a hypergeometric distribution problem. Suppose that we have 2.6% good products
among a total of n? products and we sample r,-2 products from it many times. We observe the sample
variations of the sample averages. The standard deviation o, is

2

n2
\/0.026* (1—0.028)/r? . 1’

oy,

Q

\/0.026* (1- 0.026)/r,2\/1 —(ri/n)?
\/0.026* (1-0.026)/r?(1 - (r;/n)?/2)

Q

As r; can be close to n, let us only use the first approximation. Let y; = G%r,? (0.026 % (1 —0.026)) and
x; = r?. Then
yim1—x/n? =o+PBx;+error,i=1,2,...
If our model is correct, then the fitted o should be close to 1 and fitted B should be —1/n?. If that is indeed
the case, then we can simply fit y; — 1 = Bx; + error (without intercept) to improve the accuracy.
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2.1 Classical Model Selection
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Best subset selection

Data: (X, Y;),---,(Xp, ¥,) iid. from Y = X"B+e, E(g]X) = 0.
Matrix notation: Y = X3 +e¢.

Arts of Modeling: % categorical (SES, age group, zipcode) % polynomials

% splines Yadditive model sinteraction models s bivariate tensors skmultivariate
tensors Y kernel tricks Ytime-series

BModel size p = dim(X) can easily get very large

Objective: To select active components S and estimate 5.

Best subset S,,: Minimizes RSS among (?) possible subsets.
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Relation with Ly-penalty

Traditional: Ly-penalty
—1 2 C
nly =XBlI2+2 Y [1B;lo-
j=1

Computation: Best subset
B Given ||B|lo = m, the solution is the best subset Sp,.

B Find m to minimize n~'RSS,, + Am. NP hard, all subets.

Greedy algorithms: stepwise addition/deletion, stepwize, matching pursuit.

Theory: The method works well even for high-dimensional problems. (Birge,

Massart, Baron, 99; Shen, Pan, Zhu, 11) see also chap 4
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Stein identity and prediction error

Model: Y; = u(X;) + €. Let i be an estimator

From lu— 72 = ¥ — 2 — ¥ — ]2 + 2 — ) (Y 1), we have
Stein identity: E ||u— 7[> = E{||Y — ]| — no?} + 2L, cov (i, Y;).
E— —_—

=62 df-
=0° dfy

PE: E||Y" ][ = no? +E |u— |2 = E{||Y - @l[*} +20f;6*.

Unbiased estimate of PE. Let df; = 6 2Y " cov(m;,Yi) model fixed

Co(u) = ||Y —l* +-20° df;.
————
RSS

BFor linear predictor u = SY, df; = tr(S) since cov(u;, Y;) = SjiG2.
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Efforts in model selection: choosing A

Best subset: Find m to minimize n~'RSS,,, + Amc?

@ C, (Mallows, 73) and AIC (Akaike, 74): A = 2, model M
e AIC(u) =log(||Y —ﬁHz/n) +2 dfﬁ(m/l’l. *w/o 62 approx the same
@ BIC (Schwarz, 1978): A = log(n).

@ RIC (Foster & George, 1994): A = 2|Og(p)

—1 RSS,,
-m SD, -

Generalized cross-validation (Craven and Wahba, 1979): GCV(m) = %
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2.2 Penalized Least-Squares
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Convex and folded concave relaxations

Penalized least-squares: Q(B) = 5-[ly — XB|*+ X7, p.(IB)])

Solutions to PLS

L_0, L_1 and SCAD penalties
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Convex penalties

% Ly penalty p,(|6]) = A|6|> = ridge regression

% Lg-penalty py(|6]) = A|6|9 = Bridge reg (Frank and Friedman, 93).

g > 1is convex, g € (0,1) is folded concave.
% Lq penalty p)(|6]) = A|8] = LASSO (Tibshirani 1996).

% Elastic net py(0) = Ay|0] + 1202 (Zou & Hastie, 05)
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Folded Concave Penalty

Smoothly Clipped Absolute Deviation(SCAD)

(ah—6)4
(a— 1A

(Fan, 1997). Set a = 3.7 from Bayesian viewpoint (Fan & Li, 01)

p’x(e):x{/(egxw /(e>x)}, a>2

4

SCAD g SCAD
10 g
- = =MCP 357% - = =MCP
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250 -
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Minimum Concavity P. (MCP): p; () = (ak —8), /a (zhang, 10).
a=1=> Hard-Thresholding p,(8) =A% — (A —[6])3..
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Orthonormal design

LSE: B = (X7X)" "Xy =Xy, when X"X = /.

-1 n 1 P P
)= 5o D=3+ 5 Y (B - B)*+ Y m(IB)
i=1 j=1 j=1
‘ comp min. (Antoniadis and Fan, 01, Fan and Li, 01) solutions drawn on page 9

2= 0) +py(j0])

Q p(8]) = %62 — shrinkage: 6, = (1+A)"
Q 1,.(8]) = A|6] = soft-threshold: Bs = sgn(z)(|z| — A
@ p.(0) =22 — (A—[6])2 = hard-threshold 8 = zI(|z| > A).
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Solutions of SCAD and MCP

sgn(2)(|z| — )+, when |z| < 2},
Bscan(2) = { sgn(z)[(a—1)|z| —ar]/(a—2), when2A < |z| < ah; -
z, when |z| > a\.

M a = o — soft-thresholding

sgn(z)(|z| —X)+/(1—1/a), when |z| < a)\;

z, when |z| > aA.

Omcr(2) = {
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Desired Properties

@ Continuity: to avoid instability in model prediction.
@ Sparsity: to reduce model complexity (set small coeff. to 0).

@ Unbiasedness: to avoid unnecessary modeling bias
(unbiased when true coefficients are large). (Fan and Li, 2001)

Method continuity | sparsity | unbiasedness

Best subset v vV

Ridge Vv

LASSO V vV

SCAD Vv Vv vV
@ Ideal: Ly-penalty hard to compute
@ Popular: L4 and Elastic net large biases, missing big variables
@ Great: SCAD, MCP trade-off performance and computing
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Characterization of folded-concave PLS

I Y 1 Py (t2)—pi (1)
Concavity: k(py; V) = lime—04 Max;SUpy <pe(jy|—evl+e) — 6

% For Ly penalty, k(p;v) = 0 for any v.
% For SCAD, k(py;v) = 01if |[v| € [A, a)], else k(py;v) = (a— 1) "A""

Theorem 3.1. Necessary and sufficient conditions

Let S — supp(B), 61 = Bs= X1 = Xg, Xo = Xgo. If E is a local min, then
n " X{ (Y —XB) — p;.(IB])sen(B) =0,
10~ XT (Y — XB)||- < 5 (0+4),
kmin(n71X1TX1) > K(pk; B1 )

They are sufficient if inequalities are strict.
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Solution Paths

Target: Q(B) = 5-[ly — XB||? +Zf:1 P (1Bj])

Solution path: B(k) as a function of A or ||B(l)

1.
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2.3 LASSO and L Regularization

Bridge Reg. LASSO SCAD Elastic Net Danzig Debiased SLOPE
1993 1996 2001 2005 2007 2014 2015
] | ] | 1 1 >
1 1 1 | 1 1
1998 2004 2006 2008 2014
Ridge Reg. Nonneg. Basis Pursuit LARS  Adaptive SIS pistributed
Subset sel; AIC, BIC garrote Lasso
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LASSO

Necessary condition for Lasso:

nXT(Y = XeBy) —Asgn(By) =0, [In "X (Y= X¢By) [l <A,

17 XT (Y = XB)[|o < A B =0when A > ||n~'XTY|..

Solving E1 and substituting in, we have

(M) XT (1 — Px, )Y — X2 X4 (XTX4) " sgn(By ) < 1.
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Model Selection Consistency for LASSO

True Model: Y = X, 3, +€
Selection Consistency: su pp(ﬁ) =S X5, = X4

Necessary Condition: Using true model and (I, — Px,)Xs, =0

(M) ~"XJ (1h — Px, )& — X2 X1 (X1 X1) " sgn(By) [l < 1.

First term negligible: | XIX; (X7 X1)~"sgn(B;)|l < 1.

~

Irrepresentable Cond: If sign consistency sgn(B) = sgn(fBy).

[1X2 X4 (XTX4) ™! sgn(Bs,)lle <1, (2Zhaoand vu, 06),

necessary for sel. consistency; sufficient if 1 replaced by 1 —.
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Remarks on Irrepresentabe Condition

* (X1X1)"'X] Xz reg coef of ‘unimportant’ X; (j & So) on X,

% lIrrepresentable cond requires sum of (the signed reg coefs of each X on
Xs,) < 1. The bigger S, the harder the condition

* Example: X; = ps~'/2Y s sgn(Bi) Xk + /1 — p2€j, where s = | 5|
Sum of reg coef is 1/s|p|, can exceed 1!

% Irrespresentable condition is restrictive, leading to false negatives,

compensated by many false positives.
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Risks of Lasso (l)

Risk: R(B) = E(Y —XTB)2 = E(v'2)* ="y,

— n
Y= ! ,  Z= Y ., Y=f(@Z") sp=n'Yzz.
p X =1

Empirical risk: R,(B) = n~ 'Y, (Vi —X/B)2 =vy"Sky cov-learning

Dual problem: E: argmin g, < |Y — XBJ[*.

[R(B) — Ra(B)| = [¥" (=" — Sy

1= = S5 llmaxIYIF = (1 +1IBIl1)?[1 =" — S5l Imax.
(1 —l—C)ZHZ* _S;”max-

IN

A

Jianqing Fan (Princeton University) ORF 525, S24: Statistical Foundations of Data 22/46



Risks of Lasso (ll)

It IBoll+ < ¢, then Ra(B) — Ra(By,) < 0 and

~

{R(B) — Rn(B)} + {Rn(Bo) — R(Bo)}
< 2(14¢)?|ZF — S| max

0 < R(B) — R(B,)

IN

~

Risk consistency: R(B) — R(B,) — O (Greenshtein and Ritov, 04)

% Sample cov has rate O(/(logp)/n) for subGaussian data.
% Consistency requires ||B,|l1 < ¢ = o((n/logp)'/*)

% Need uniform convergence rate of Sy,.
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Accuracy of Sample Covariance matrix

Result: If max;; P{y/n|cj —Gjj| > x} < exp(—Cx?) for big x,

~ lo p 1/a
HZ_szax =0Op <(g\/ﬁ) .
Mimpact of dim is limited. BReq exponential tail (sub-weibull).
Proof:
P{ﬁHi_znmax > bn} < ZP{\MBU—G” > bn}
ij
2 ay __ 8
< pexp(—Cbp)=1/p

by taking b, = (10C~"logp)'/2. Conclusion follows.
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Remarks

% It requires only marginal behavior and uses the union bounds.

% The inequality is referred to as concentration inequality.

% Sample covariance matrix is basically the sample mean of EX;X;; needed

concentration inequality for sample mean.

% Sub-Weibull tail: a = 2 sub-Gaussian and a = 1 sub-exponential.
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Sparsity of Lasso Solution

Blet A :B\— By, Where B, is true parameter. Then, F(ﬁ) <o0.

.F(A) = Rn(A+Bo)/2— Rn(ﬁo)/2+7"(”A+BoH1 - HBOH1)
(1) (2)

By convexity, if A > 2n~1||X"g||.., then

1 1
(1) = —\ERZ(Bo)TN > —EHXTSHwHA!h > —MA]+/2
set B =B,
(2) = lAs+Bslli+1Assllt =Bl = —[[As I+ + [ Asg I

Combining these and F(A) < 0, we have ||ASSH1 < 3\|330\|1.
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Weighted and adaptive lasso and SLOPE

Lasso: Creating biases for large coefficients.
Weighted lasso: 5-||Y — XB|[® + A X, w;|B;-

% solved by Lasso via rescaling: oo = 3 - w, X* = X/w.

Adaptive lasso: w; = |B;| 7 (e.g, Y=10.5,1,2) (Zou, 06)

% One-step implementation of folded-concave penalty p) (+):

w; = P (IB**1) /.

SLOPE: argming {%HV_XB‘|2+Z;):1 7\j|l3‘(j)}’
*Aj=®7"(1—jg/2p)o/+/n, related to FDR g.
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Elastic Net and Danzig Selector

1 2 2
oo {1y X010 BB g

% Mitigate collinearity

%o =1= Lasso; & = 0 = Ridge

Danzig selector: mingcps ||B|1, s.t. [0 XT(Y = XB)|Je <A

= high confident set

Mrequire A > an XT(Y — XBO) ”°° sk Max spur corr. (Candés & Tao, 07)
——

€
Linear program: min Y7, u;, u>0, —u<f<u, —M<n'XT(Y-XB)<M
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Housing Prediction: Zillow data: House price + house attributes (bedrooms,

bathrooms, sqft.living sqft.lot, ...) in 70 zip codes, sold in 2014 & 15.

(Ntrain = 15,129, Niest = 6,484).
Out-of-sample R?: 0.80

library(’glmnet’) #use the package
X <- model.matrix(”.,data = train_datal[,5:22])

Y <- train_dataSprice

fit.glml <- glmnet (X, Y, alpha=1) #Lasso fit, solution path
plot (fit.glml, main="Lasso") #
fit.cvglml <- cv.glmnet (X,Y,nfolds = 5, alpha = 1); #cross validation, what is

fit.cvglml$lambda.min
beta.cvglml <- coef (fit.cvglml, s=fit.cvglml$lambda.lse) ##fcoef at 1lse

pdf ("Zillowl.pdf", width=4.6, height=2.6, pointsize=8)
par (mfrow = c(1,2), mar=c(5,5,3,1)+0.1, mex=0.5)
plot (fit.cvglml$glmnet.fit); title(’LASSO")

abline (v=sum(abs (beta.cvglml[-1]))) #Lasso solution path
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plot (fit.cvglml) #Estimated MSE
##### compute testing errors ####HFFEFHEF
X_test <- model.matrix(”., data = test_datal[,5:22]) ##test data model

pred.glml<- predict (fit.cvglml, newx = X_test, s = "lambda.min") ## computed prec
mse.pred.glml <- sum((test_dataSprice - pred.glml) "2) #MSE
1 - mse.pred.glml/ sum((test_dataSprice - mean(Y))"2) #out-sample-R"2
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3.4 Algorithms for Folded-concave

Regularization

LEAPS Shooting LARS LLA PLUS Distri
1974 1998 2004 2008 2010 buted
L L | L | 2011 >
| | r 1 111 |
1960 1993 2001 2004 2007 2008 2009 2011 ...
Stepwise Matching Pursuit LQA ISTA CCD ISIS FISTA ADMM

Q(B) = g5 lly — XBI® + X7 pa(IBs])
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Local quadratic approximations

k pfh(\B-(k)\) k
Target: G*(B) = 1 ly — X2+ X7, {pa(1BD) + " s (57 - 1B %) |

2|
LQAand LLA LQAand LLA
w04 :" 0 4
‘e
< . ,‘ < 1
o o™

Iterative formulas for LQA: (ridge reg, Fan & Li, 01)

BYH) = (XTx +nzy (BY)} XYy, E5(B™)) = diag{p} (IB™])/IBol}

MDelete X in the iteration, if |[3](k+1)| <n.
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Local linear approximations and one-step estimator

pa(1Bi1) ~ pa(1B{1) -+ 5 (1B (18— 1B])
Target: Q%>*(8) = |y —XB|*+ £, wilBl. =g, ()

One-step estimator: E(O) = 0 — Lasso —> Adaptive Lasso

% With LLA, PLS is iter. reweighted LASSO, w/ weights given by p (-).
% lterations reduces biases of previous estimates.

% SCAD = lteratively Reweighted LASSO and is an Oracle estimator.
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Remarks

% LLQ computes explicitly the updates whereas LLA requires PLS.

% LLA gives better approximation, particularly around the origin.

* Adaptive lasso: p&(“j]* |) = 7\.“3/* |7Y ('Y > 0) drawback: Zero is an absorbing state.

% Both LQA and LLA are a specific member of MM algorithm:

Q(B) < Q*PX(BIBjyi), QBinit) = QP (Bt Binit))

% Convergence of MM (Majorization Minimization):

Q (K)y — Q@pprox (k) |p(K) > (Qapprox (k+1) (k) > Q (k+1) )
(BY) = @ (BB > oo IIpt) > a(pt)

cond min major
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Coordinate descent algorithms

% Optimize one variable at a time: Given current value B,, update

Bj = argminﬁj 0(61,07 T 7Bj*1,0>Bj7Bj+1,07' e 7Bp,0)7

* ForPLS,R;=Y— X_/-B%O without j variable. Then

Q(B) = QB1o, s Bj—1.0,Bjs Bj+1.0, ,Bpo)
= IR = XB12 + pa(IB) +c.

% For Lasso, SCAD and MCP, B,- admits analytic solution.
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Housing Prediction by SCAD: Zillow data: R? = 0.80

library (' ncvreg’) #loading the library for use
X <- model.matrix(”.,data = train_datal,5:22])

Y <- train_data$price #data model for training
cvfit .SCAD <- cv.ncvreg (X, Y, penalty="SCAD") #SCAD using CV

### prediction of the test data and out-sample R"2
predict.SCAD = predict (cvfit.SCAD, X=X_test)
mse.pred.scad <- sum((test_data$price - predict.SCAD)"2) #MSE

1 - mse.pred.scad/ sum((test_data$price - mean(Y))"2) #out-sample-R"2

##4# change smoothing parameter

fit.SCAD <- ncvreg(X, Y, penalty="SCAD") ## give a family of fits for diff lambda
predict.SCAD = predict (fit.SCAD, X=X_test); #a family of predict for diff lambda
R.sq = NULL

for(j in 1:100){

mse.pred.scad <- sum((test_data$price - predict.SCAD[,j])"2) #MSE at jth

R.sq = c(R.sq, 1 - mse.pred.scad/ sum((test_data$price - mean(Y))"2))}

pdf ("Zillow2.pdf", width=4.6, height=2.6, pointsize=8)

par (mfrow = c(1,3), mar=c(5,5,3,1)+0.1, mex=0.5)

plot (cvfit.SCAD)

abline (v=log(cvfit.SCAD$lambda.min), lwd=2,col=4)

plot (fit.SCAD, main="SCAD")

abline (v=cvfit.SCAD$lambda.min, lwd=2, col=4)

plot (1:100,R.sq, main="Out-sample R"2", type="1", col=4) [m] = =
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Housing Prediction by SCAD: Zillow data
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2.5 Concentration Inequalities
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A motivating example

Mfundamental tools for controlling max spurious correlation errors: e.g.

p
P{Hn_1XT8||oo > t} < ZP{|n*1 L7 Xe| > ).
i N——

a z

It n=1|X;]|2 =1, then Z; ~ N(0,62/n) and

= iexp(—tZ/Z)/t

2
—ex 2)dx =
vn \/Zn/ P(=x/2) N
By taking t = /2(1 + &) log p, with prob > 1 — o(p~9),

logp
In~"XTe|| < \/2(1+8)0 g

M Tail probability of sum of independent random variables

{yzy>t
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Concentration inequalities

Theorem 3.2 Yq,---, Y, are independent r.v. w/ mean 0.

Let S, =Y., Y; be the sum of the random variables.
a) Hoeffding inequality: If Y; € [a;, bj], then

P(|Sp] > t) <2e ( 23 )
X — = | -
AN Y A

b) Berstein’s inequality. If £|Y;|™ < m!M™~2y;/2, then

P(ISn| > 1) < 2exp (- £ ).

2(vi+- -+ v+ Mt)
¢c) Sub-Gaussian: If Eexp(aY;) < exp(v;&?/2), then

t2
P(Sol 2 ) <2e (= s ).
n

Jianqing Fan (Princeton University) ORF 525, S24: Statistical Foundations of Data

37/46



Remarks

There are concentration inequalities for

% sum of sub-exponential distributions

% Robust mean estimators: Winsorization 4+ Huber estimator
empirical processes
random matrices

MLE

* % %

Self-normalized average

% Markovian chains and mixing processes

Bounded diff ineq: If Z, = g(X1,--+,Xp) with |g(X1,- -+ ,Xn) — g(X1, -+, Xi—1, X}, -+, Xn)| < ¢

for all data {x;}?_, and x} (changing only one data point from x; to x}) and {X;} indep, then

P(|Zy— EZy| > t) < 2exp( 2 )
— expl— .
A
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2.6 Estimation of Residual Variance
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Residual Variance

% Important for stat inference and model selection. It is benchmark for

optimal prediction.

* o2 = R(B,), consistently estimated by LASSO residual variance
Ra(B) = n~||Y — XB||2, when risk consistency.

% This requires ||B, 1 < ¢ = o((n/logp)'/*) and has slow rates.

% See Sec 1.3.3. for spurious corr and underestimation of 62.
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Refitted Cross-validation

% Randomly split the data;
% Select variables using the first half data;
% Refit the selected model using the second half to get 62;

% and vice verse; take the average of the two estimators.

Key difference: Refitting eliminates spurious correlation! (Fan, Guo, Hao, 12)
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RCV

Random Division of Data: (y('),X(")) and (y(®,Xx(®))

Refitted residual variances: With selected model /\A/h, compute

(v®) 1y ~ P )y
n/2— M|

~2

o =

)

where P(2) (2)(X(A2)TX(2))‘1XE\§)T and 63
1

My [ M

Final estimate: G;., = (G5 + G3)/2 or its weighted average.

Advantages: BRequire only sure screening

BReduce influence of spurious correlation.
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2.7 Variable Expansions and Group

Penalty
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Structured Nonparametric Models

Y Additive model (Stone, 85, Hastie and Tibshirani, 90)
Y=H((Xi)+ - +1h(Xp) +€

% Two-d nonparametric interactions:

p
Y=Y 6(X)+ ) fii(X,X)+¢
i=1 i<j

% Varying coefficient model:

Y = Bo(U) + B (U) X1 + -+ Bp(U) X, +E.
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Expanded Linear Models

Ex 1: Additive model Y = Z ( )+€ Stone, 85, Hastie and Tibshirani, 90)
Approx fi(x) = Z,}ffﬂ BjkBi(x) using basis functions {Bj(x )}k:1 e.g. spline
basis). Additive model becomes an expanded linear model

Ex 2: Bivar interaction model: Y =Y, (X)) + ¥,; fi;(X;, Xj) +& can be
approximated as an expanded linear model

K Ki

Y= i{ZBIkBIk }“‘Z{ZZWM&k )}—i—e.

j=1 i<j =
_,_/
B/ i X
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Group penalty

% Covariate divided into groups, e.g. additive model:

* Data: Y=Y, X; B;+¢
~~

nxK;
% Group PLS: 5-||Y — Zf:1 XijHz + Zf:1 e (l1B;11)
% Select or kill a group of variables. (Lin & yuan, 06)

% Appeared already in Antoniadis & Fan (JASA, 01) for selecting blocks of

wavelet coefficients.
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